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Abstract
Given a pair of abelian varieties defined over a number field k and
isogenous over a finite Galois extension L/k, we define a rational Artin
representation of the group Gal(L/k) that shows a global relation between
the L-functions of each variety and provides certain information about
their decomposition up to isogeny over L. We study several properties
of these Artin representations. As an application, for each curve C′ in
a family of twists of a certain genus 3 curve C, we explicitly compute
the Artin representation attached to the Jacobians of C and C′ and show
how this Artin representation can be used to determine the L-function of
the curve C′ in terms of the L-function of C. Moreover, from this Artin
representation, we are able to compute the moments of the Sato-Tate
distributions of the traces of the local factors of the curve C′.
1 Introduction
Let A be an abelian variety of dimension g defined over a number field k. Fix
an algebraic closure k of k. All the extensions of k that we will consider will
be contained in k. For a prime ℓ, denote by Tℓ(A) the ℓ-adic Tate module of A
and write Vℓ(A) = Tℓ(A) ⊗ Q. There is an action of the absolute Galois group
Gk = Gal(k/k) on Vℓ(A), which gives an ℓ-adic representation of dimension 2g
̺A : Gk → AutQℓ(Vℓ(A)) ≃ GL2g(Qℓ) .
As ℓ varies, the family {̺A} constitutes a strictly compatible system of rational
ℓ-adic representations in the sense of [Ser89]. Let p be a prime of k lying over
a prime p of k not dividing ℓ, let Ip be its inertia group and let Frobp be a
Frobenius element over p. The polynomial
Lp(A/k, T ) = det(1 − ̺A(Frobp)T ;Vℓ(A)Ip)
has integer coefficients and does not depend on ℓ. A prime p of k is a prime
of good reduction for A if and only if the action of Ip through ̺A is trivial on
Vℓ(A) (see [ST68]). In this case, one has Lp(A/k, T ) =
∏g
i=1(1−αiT )(1−αiT ),
where the αi are complex numbers such that αiαi = Np. Here Np stands for
the norm of p, i.e., the size of the residue field of p. The L-function of A/k is
defined as
L(A/k, s) =
∏
p
Lp(A/k,Np
−s)−1 ,
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where the product runs over all primes in k.
Let A′ be an abelian variety defined over k and assume that there exists an
isogeny φ : A → A′ defined over a finite Galois extension L/k. By functorial-
ity, φ induces an isomorphism Vℓ(A) → Vℓ(A′) of Qℓ[GL]-modules. Let P be a
unramified prime of L of norm NP = (Np)f . Consider
Lp(A/k, T ) =
∏
i
(1 − αiT ) , Lp(A′/k, T ) =
∏
i
(1− βiT ) .
Recall that the local factors LP(A/L, T ) and LP(A
′/L, T ) coincide. Since P is a
unramified prime of L, Vℓ(A)
Ip = Vℓ(A)
I
P and Vℓ(A
′)Ip = Vℓ(A′)IP . Moreover,
since a Frobenius element FrobP over P equals the f -power of a Frobenius
element Frobp over p, we have∏
i
(1− αfi T ) = LP(A/L, T ) = LP(A′/L, T ) =
∏
i
(1 − βfi T ) .
By reordering the roots, if necessary, we obtain that for i = 1, . . . , dimVℓ(A)
Ip
one has that αfi = β
f
i , i.e., the roots αi and βi differ by a root of unity. The
aim of this article is to study to what extent these roots of unity can be seen
as the eigenvalues of the images of a certain Artin representation of the group
Gal(L/k). We will make this idea more precise below. For this aim, it will be
helpful to give an alternative argument of the existence of these roots of unity.
Let G denote Gal(L/k) until the end of this section. The semisimple module
Q[G] decomposes as a direct sum
⊕
̺Q[G]̺ indexed by the rational irreducible
representations of G, where Q[G]̺ ≃ n̺ · ̺ denotes the ̺-isotypic component of
Q[G]. It follows from [MRS07], theorem 4.5, that for every prime p of k one has
that
Lp(Res
L
k A/k, T ) =
∏
̺
Lp(A/k, ̺, T )
n̺ , (1.1)
where the product on the right-hand side of the equality runs through all rational
irreducible representations of G. For p a prime of k which is unramified in L,
the Rankin-Selberg polynomial Lp(A/k, ̺, T ) is the polynomial whose roots are
all the products of roots of Lp(A/k, T ) and roots of det(1 − ̺(Frobp)T ). Since
Lp(Res
L
k A/k, T ) and Lp(Res
L
k A
′/k, T ) coincide, we deduce that Lp(A′/k, T )
divides
∏
̺ Lp(A/k, ̺, T )
n̺ and we thus recover the existence of the already
mentioned roots of unity.
Moreover, identity (1.1) can be understood in terms of the Tate modules,
asserting that
Vℓ(Res
L
k A) ≃
⊕
̺
n̺ · ̺⊗ Vℓ(A) ≃ Q[G]⊗ Vℓ(A) (1.2)
are isomorphic as Qℓ[Gk]-modules. Since Vℓ(Res
L
k A) and Vℓ(Res
L
k A
′) are iso-
morphic, the previous conclusion can now be rephrased by saying that Vℓ(A
′)
is a sub-Qℓ[Gk]-module of Q[G] ⊗ Vℓ(A). It now arises the question of wether
a rational representation θ of G of dimension smaller than |G| can be defined
satisfying
Vℓ(A
′) ⊆ θ ⊗ Vℓ(A) (1.3)
as Qℓ[Gk]-modules.
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We now present a situation, where such a representation always exists. Con-
sider again the decomposition Q[G] ≃ ⊕̺Q[G]̺. For a rational irreducible
representation ̺ of G, let I̺ be Q[G]̺ ∩ Z[G]. In [MRS07], attached to I̺, an
abelian variety
A̺ := I̺ ⊗Z A
defined over k is constructed. This construction is given in the context of com-
mutative algebraic groups, but we will only be concerned with abelian varieties
(for several explicit examples of this construction we refer the reader to [Sil08]).
It is shown that A̺ is isomorphic over L to A
n̺·dim ̺. Now property (1.3) holds
if one takes θ = ̺. Indeed, one has
Vℓ(A̺) ≃ n̺ · ̺⊗ Vℓ(A) ⊆ ̺⊗ Vℓ(An̺·dim ̺) ,
where for the first isomorphism we have applied theorem 2.2 in [MRS07]. In
particular, for E an elliptic curve and Eχ the twist given by the quadratic
character χ of a quadratic extension L/k, one can take θ = χ.
In section 2, we define a rational Artin representation θ(A,A′;L/k) and, for
every prime ℓ, a Qℓ[Gk]-module Wℓ such that the representation θℓ(A,A
′;L/k)
that affords satisfies that θℓ(A,A
′;L/k) ≃ Qℓ ⊗ θ(A,A′;L/k).
We start section 3 proving that θ(A,A′;L/k) satisfies property (1.3) as a
consequence of the fact that Vℓ(A
′) is a submodule of Wℓ ⊗ Vℓ(A). Besides, we
investigate several properties of θ(A,A′;L/k), such as its behavior under the
change of the field extension, a characterization of its faithfulness, etc. In par-
ticular, we show that when we consider the representation θ(A̺, A
n̺·dim ̺;L/k)
corresponding to the particular case of the twisted abelian varieties An̺·dim ̺
and A̺, one recovers a multiple of the original representation ̺.
Finally, in section 4, as an example of the tools developed, we use this Artin
representation to compute the L-functions of a family of twists C′ of a certain
modular genus 3 curve C. The global control of the roots of unity relating the
local factors of C and C′ permits to compute the moments of the Sato-Tate
distributions of the traces of C′. This is not a special feature of the particular
example considered, but rather applies in a much wider context (see for example
[FS12]).
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2 Definition and rationality
The representation ̺A endows Vℓ(A) with a structure of Qℓ[Gk]-module, as we
have already mentioned. We will denote by Vℓ(A)
∗ its dual, that is the Qℓ[Gk]-
module with underlying Qℓ-vector space HomQℓ(Vℓ(A),Qℓ) endowed with the
action given by ̺∗A, the contragredient representation of ̺A.
Let G be a group, F a field and V an F -vector space of dimension n. For
a representation ̺ : G→ AutF (V ), its contragredient representation ̺∗ satisfies
(̺∗(σ)λ)(v) = λ(̺(σ−1)v) for any σ ∈ G, λ ∈ HomF (V, F ) and v ∈ V . By
choosing a basis in V , we have AutF (V ) ≃ GLn(F ) and we can see ̺(σ) as a
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matrix with coefficients in F . By taking the dual basis in HomF (V, F ) of the
taken basis in V , one has that ̺∗(σ) = (̺(σ)−1)t, where t indicates transposition
of matrices.
Consider now the Qℓ[Gk]-module Vℓ(A)
∗⊗Vℓ(A′), where the action of Gk is
given by ̺∗A ⊗ ̺A′ and denote by
Wℓ = (Vℓ(A)
∗ ⊗ Vℓ(A′))GL
the subspace of the elements invariant under the action of the subgroup GL =
Gal(k/L). In general, for F a field, G a group, H a normal subgroup of G, and V
an F [G]-module (with the action of G on V denoted by left exponentiation) and
v ∈ V H , h ∈ H , and g ∈ G, we have h(gv) = g(g−1hgv) = g(h′v) = gv, where
h′ = g−1hg is an element of H . That is, V H is endowed with a structure of
F [G/H ]-module. As a consequence, we have the following lemma.
Lemma 2.1. The space Wℓ acquires a structure of Qℓ[Gal(L/k)]-module.
We will denote by θℓ(A,A
′;L/k) the representation of Gal(L/k) afforded by
the module Wℓ. Observe that for every prime p of good reduction for A and A
′,
the eigenvalues of θℓ(A,A
′;L/k)(Frobp) are roots of unity obtained as quotients
of roots of Lp(A
′/k, T ) and roots of Lp(A/k, T ).
To investigate the properties of this representation, we need to recall some
basic properties of tensor products, duals and morphisms of modules. We sum-
marize them in the auxiliary result below. For G a group and F a field, let V
and W be F [G]-modules. The F -vector space HomF (V,W ) becomes an F [G]-
module via the action defined as follows: for g ∈ G, λ ∈ HomF (V,W ) and
v ∈ V , we have
(gλ)(v) = gλ(g
−1
v) . (2.1)
Note that by takingW = F with the trivial action ofG, the module HomF (V,W )
is just the dual module of V .
Lemma 2.2. Let V , W , W1 and W2 be F [G]-modules, which are of finite
dimension as F -vector spaces. Let H be a normal subgroup of G. We have the
following isomorphisms:
i) V ∗ ⊗W ≃ HomF (V,W ) as F [G]-modules.
ii) HomF (V,W1 ⊗W2) ≃ HomF (V ⊗W ∗1 ,W2) as F [G]-modules.
iii) (V H)∗ ≃ (V ∗)H as F [G/H ]-modules.
Proof. For i) we refer to lemma 3.12 of [Kar92]. Although throughout this
reference G is always taken to be finite, we emphasize that the proof of this fact
makes no use of this condition. Assertion ii) follows from i) and the fact that
(V ⊗W )∗ ≃ V ∗ ⊗W ∗ (see lemma 3.11 of [Kar92]):
HomF (V,W1 ⊗W2)≃V ∗ ⊗ (W1 ⊗W2)
≃ (V ⊗W ∗1 )∗ ⊗W2
≃HomF (V ⊗W ∗1 ,W2) .
For iii) we need a new description of the subspace of invariants. Let α : G→ K
be a morphism of groups. Denote IndKG V the F [G]-module F [K] ⊗F [G] V ,
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where we can view F [K] as an F [G]-module thanks to the morphism α. If α
is injective, the F [K]-module IndKG W coincides with usual notion of induced
module from the subgroup G to K. If α is surjective, the F [K]-module IndKG V
is isomorphic to the subspace of V consisting of the elements invariant under
Ker(α) (see [Ser77], exercise 7.1). Let K be G/H and let α denote the natural
projection. Since the operations of inducing and taking duals commute, we have
(V H)∗ ≃ IndG/HG (V )∗ ≃ IndG/HG (V ∗) ≃ (V ∗)H .
Remark 2.1. With the notation of the previous lemma, let HomF [H](V,W ) de-
note the F -vector space of homomorphisms from V to W which commute with
the actions of H on V and W . Equivalently, HomF [H](V,W ) can be character-
ized as the space (HomF (V,W ))
H of the invariant elements in HomF (V,W ) un-
der the action (2.1) and so, as justified before lemma 2.1, it acquires a structure
of F [G/H ]-module. It follows that HomF [H](V,W ) is isomorphic to (V
∗⊗W )H
and that HomF [H](V,W1 ⊗W2) is isomorphic to HomF [H](V ⊗W ∗1 ,W2).
Lemma 2.3. The module Wℓ is selfdual.
Proof. First, we claim that the module Vℓ(A)
∗⊗Vℓ(A′) is selfdual. Since Qℓ has
characteristic zero and Vℓ(A)
∗ ⊗ Vℓ(A′) is semisimple, it suffices to check that
for every σ ∈ Gk one has Tr ̺∗A ⊗ ̺A′(σ) = Tr ̺A ⊗ ̺∗A′(σ) (see [Ser89], chap-
ter 1, section 2.1). Since Tr is a continuous function, by the Cebotarev Density
Theorem, it is enough to check it for the Frobenius elements corresponding to
primes of good reduction for A and A′. Let σ = Frobp be such an element. Note
that if Tr ̺A(σ) =
∑
i αi + αi, then
Tr ̺∗A(σ) =
∑
i
1
αi
+
1
αi
=
∑
i
αi
Np
+
αi
Np
=
1
Np
Tr ̺A(σ) .
The claim then follows from the formula
Tr (̺∗A ⊗ ̺A′(σ)) =
1
Np
(Tr ̺A(σ) · Tr ̺A′(σ)) .
We deduce that Wℓ = (Vℓ(A)
∗ ⊗ Vℓ(A′))GL is selfdual by applying iii) of
lemma 2.2.
As a consequence of the fact that Vℓ(A)
∗⊗Vℓ(A′) is selfdual, we deduce that
θℓ(A,A
′;L/k) and θℓ(A′, A;L/k) are isomorphic.
Let m be the exponent of Gal(L/k). Observe that Tr θℓ(A,A
′;L/k) belongs
to Q(ζm), where ζm stands for a primitive m-th root of unity. Then, a theorem
of Brauer (see [Ser77], theorem 24), conjectured by Schur, guarantees that the
representation θℓ(A,A
′;L/k) can be realized over Q(ζm), that is, there exists a
representation θ˜ℓ(A,A
′;L/k) with matrices having coefficients in Q(ζm) (thus,
an Artin representation) such that
θℓ(A,A
′;L/k)⊗Qℓ ≃ θ˜ℓ(A,A′;L/k)⊗Qℓ .
It follows from lemma 2.3, that Tr θℓ(A,A
′;L/k) belongs to R ∩ Q(ζm). Next,
we shall see that in fact Tr θℓ(A,A
′;L/k) belongs to Q. Even more, we shall
prove that θℓ(A,A
′;L/k) can be realized over Q.
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Let HomL(A,A
′) stand for the Z-module of homomorphisms from A to A′
which are defined over L and denote the Q-vector space HomL(A,A
′) ⊗ Q
by Hom0L(A,A
′). Write EndL(A) for the ring HomL(A,A) and End
0
L(A) for
EndL(A) ⊗ Q. Observe that, since A and A′ are defined over k, the group
Gal(L/k) acts on Hom0L(A,A
′). Call θ(A,A′;L/k) the rational representation
afforded by the Q[Gal(L/k)]-module Hom0L(A,A
′).
Proposition 2.1. The representation θℓ(A,A
′;L/k) is realizable over Q. More
precisely, one has
θℓ(A,A
′;L/k) ≃ Qℓ ⊗ θ(A,A′;L/k) .
Proof. The results of Faltings (see [Fal83]) ensure that
Hom0L(A,A
′)⊗Qℓ ≃ HomQℓ[GL](Vℓ(A), Vℓ(A′)) (2.2)
as Qℓ[Gal(L/k)]-modules. Remark 2.1 together with equation (2.2) gives that
θℓ(A,A
′;L/k) is isomorphic over Qℓ to θ(A,A′;L/k).
Corollary 2.1. The family {θℓ(A,A′;L/k)}ℓ constitutes a strictly compatible
system of rational ℓ-adic representations of the group Gal(L/k), where the ex-
ceptional set of primes consists on the primes of k ramified in L. In particular,
Tr θℓ(A,A
′;L/k) is a rational character of Gal(L/k) which does not depend on
the prime ℓ.
Proof. For p a prime of k unramified in L, proposition 2.1 implies
det(1− θℓ(A,A′;L/k)(Frobp)T ) = det(1− θ(A,A′;L/k)(Frobp)T ) ,
which is a polynomial with rational coefficients. In particular, for every prime ℓ,
one has that Tr θℓ(A,A
′;L/k) equals Tr θ(A,A′;L/k) , which is a rational char-
acter of Gal(L/k) which does not depend on the prime ℓ.
Remark 2.2. Since A and A′ are isogenous over L, we have that
dim θ(A,A′;L/k) = dimQHom0L(A,A
′) = dimQ End0L(A) > 0 .
We will refer to θ(A,A′;L/k) as the Artin representation attached to the
isogenous abelian varieties A and A′ over L/k.
3 Properties of θ(A,A′;L/k)
In the previous section, a rational Artin representation θ(A,A′;L/k) has been
attached to a pair of isogenous abelian varieties A ∼L A′ over a finite Galois
extension L/k. We show that this representation satisfies property (1.3) in the
Introduction.
Theorem 3.1. Vℓ(A
′) is a sub-Qℓ[Gk]-module of θ(A,A′;L/k)⊗ Vℓ(A) .
Proof. By proposition 2.1, we have θ(A,A′;L/k)⊗Vℓ(A) ≃Wℓ⊗Vℓ(A). Suppose
that Vℓ(A
′) ≃⊕ni ·Vi as a sum of simple Qℓ[Gk]-modules Vi. We want to show
that Vi appears with multiplicity at least ni in Wℓ ⊗ Vℓ(A). Since
Wℓ ⊗ Vℓ(A) ≃
⊕
j
nj · (Vℓ(A)∗ ⊗ Vj)GL ⊗ Vℓ(A) ,
6
it suffices to see that Vi is a constituent of (Vℓ(A)
∗ ⊗ Vi)GL ⊗ Vℓ(A). Since Vi is
simple, this is equivalent to prove that dimQℓ HomQℓ[Gk](Vi, (Vℓ(A)
∗ ⊗ Vi)GL ⊗
Vℓ(A)) > 0 . Now, ii) of lemma 2.2 provides an isomorphism
HomQℓ[Gk](Vi, (Vℓ(A)
∗⊗Vi)GL⊗Vℓ(A)) ≃ HomQℓ[Gk](Vℓ(A)∗⊗Vi, (Vℓ(A)∗⊗Vi)GL) ,
from which the result follows provided that (Vℓ(A)
∗ ⊗ Vi)GL is a non-trivial
sub-Qℓ[Gk]-module of Vℓ(A)
∗ ⊗ Vi. Indeed, since Vℓ(A) ≃
⊕
ni · Vi as Qℓ[GL]-
modules, one has
dimQℓ(Vℓ(A)
∗ ⊗ Vi)GL = dimQℓ HomQℓ[GL](Vℓ(A), Vi)
=
∑
j
nj dimQℓ HomQℓ[GL](Vj , Vi)
≥ dimQℓ EndQℓ[GL](Vi) .
Corollary 3.1. Suppose that A′ is simple over k and that A ∼k Eg, for E an
elliptic curve defined over k such that End0k(E) ≃ Q. Then, Vℓ(A′) ≃ ̺⊗Vℓ(E),
where ̺ is a representation of Gal(L/k) such that θ(A,A′;L/k) = g · ̺.
Proof. Observe that the hypothesis A ∼k Eg implies that θ(A,A′;L/k) = g · ̺,
for a certain rational representation ̺. By theorem 3.1, we have
Vℓ(A
′) ⊆ θ(A,A′;L/k)⊗ Vℓ(Eg) ≃ g2 · ̺⊗ Vℓ(E) .
Since Vℓ(A
′) is simple, Vℓ(A′) ⊆ ̺⊗Vℓ(E). Since dim ̺ ≤ g (as a consequence of
End0k(E) ≃ Q), the inclusion is an isomorphism and the proposition follows.
Proposition 3.1. Let ̺ be an irreducible rational representation of Gal(L/k).
If End0L(A) ≃ Q, then θ(An̺·dim ̺, A̺;L/k) ≃ n2̺ · dim ̺ · ̺.
Proof. Observe that on the one hand, we have
(Vℓ(A
n̺·dim ̺)∗ ⊗ Vℓ(A̺))GL ≃ n2̺ · dim ̺ · ̺⊗ (Vℓ(A)∗ ⊗ Vℓ(A))GL .
On the other hand, End0L(A) ≃ Q implies that (Vℓ(A)∗⊗Vℓ(A))GL is the trivial
representation.
In particular, if χ is the quadratic character of a quadratic extension L/k, E
is an elliptic curve defined over k such that End0L(E) ≃ Q and Eχ the quadratic
twist of E given by χ, then θ(E,Eχ;L/k) ≃ χ.
So far we have not paid much attention to the extension L/k. We do this in
the following, where we are concerned with the problem of relating the distinct
representations attached to the pair A and A′ obtained when we let the field of
definition of the isogeny between them vary. First we remind some notations.
Let G be a group and H be a subgroup of G. If ̺ is a representation of G, we
denote by ResGH ̺ the representation ̺ restricted to the subgroup H . If ̺ is a
representation of H , we denote by IndGH ̺ the induced representation from H
to G. If H is normal in G, ̺ is a representation of G/H and π is the canonical
projection from G to G/H , we denote by InfGG/H ̺ the representation ̺ ◦ π.
If F/F ′′ is a Galois extensions of fields, F ′/F ′′ a subextension of F/F ′′ and
G = Gal(F/F ′′) and H = Gal(F/F ′), we will simply write ResF
′′
F ′ , Ind
F ′′
F ′ and
InfFF ′ for Res
G
H , Ind
G
H and Inf
G
G/H , respectively.
7
Proposition 3.2. One has:
i) Let L′/k be a Galois subextension of L/k over which A and A′ are isogenous.
Then, the representation θ(A,A′;L/k) is isomorphic to a subrepresentation
of IndkL′ θ(A,A
′;L/L′).
ii) Let L′/k be a Galois extension containing L/k. Then, the representation
InfL
′
L θ(A,A
′;L/k) is isomorphic to a subrepresentation of θ(A,A′;L′/k).
Proof. For the first statement, observe that θ(A,A′;L/L′) = ReskL′ θ(A,A
′;L/k).
Now we obtain the result from the fact that any complex representation ̺ of
a finite group G is a subrepresentation of IndGH Res
G
H ̺, for any subgroup H
of G. Indeed, let χ̺ denote the character of ̺. By Frobenius reciprocity, for
any irreducible character χ of G, one has
(χ, χ̺)G ≤ (ResGH χ,ResGH χ̺)H = (χ, IndGH ResGH χ̺)G,
where (·, ·)G and (·, ·)H denote the scalar products on complex-valued functions
on G and H , respectively. The second statement is due to the fact that for every
F [G]-module V and normal subgroup H of G, InfGH V
H is a sub-F [G]-module
of V .
Proposition 3.3. The representation θ(A,A′;L/k) is faithful if and only if for
every proper Galois subextension L′/k of L/k one has
dimQHom
0
L′(A,A
′) < dimQHom0L(A,A
′) .
Proof. Indeed, θ(A,A′;L/k) is not faithful if and only if there exists a proper
Galois subextension L′/k of L/k such that
Hom0L′(A,A
′) = Hom0L(A,A
′) .
Since the space on the left-hand side of the equality is always included into the
one on the right-hand side, asking for equality of the spaces amounts to asking
for equality of their dimensions.
As a corollary of this proposition, we obtain that if there does not exist a Ga-
lois subextension of L/k over which A and A′ are isogenous, then θ(A,A′;L/k)
is faithful. Therefore, a subextension L′/k of L/k can always be taken so that
θ(A,A′;L′/k) is faithful. We give an elementary result, which will be useful to
determine the irreducible constituents of θ(A,A′;L/k).
Proposition 3.4. Suppose that θ(A,A′;L/k) ≃⊕n̺ · ̺, where the sum runs
over the absolutely irreducible representations of Gal(L/k) and the n̺ are non-
negative integers. Let L′/k be a subextension of L/k. Then we have∑
Ker ̺⊇Gal(L/L′)
n̺ · dim ̺ = dimQ Hom0L′(A,A′) .
In particular, dimQHom
0
k(A,A
′) is the multiplicity of the trivial representation
of Gal(L/k) in θ(A,A′;L/k).
Proof. It is enough to observe that the space Hom0L′(A,A
′) is isomorphic to
the direct sum of those constituents ̺ of θ(A,A′;L/k) such that Ker̺ con-
tains Gal(L/L′).
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To close this section, we turn to discuss a kind of transitivity property sat-
isfied by θ(A,A′;L/k). It will turn out to be a very useful tool, as shown in
the next section. Let A1, A2 and A3 be abelian varieties defined over a number
field k, such that A1 and A2 are isogenous over the finite Galois extension L/k
and A1 and A3 are isogenous over the finite Galois extension L
′/k. Notice that
A2 and A3 are isogenous over the composition LL
′.
A1
L′
  ❇
❇❇
❇❇
❇❇
❇
L
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
A2
LL′ // A3
Next proposition shows how the Artin representations attached to the three
pairs of isogenous varieties are related.
Proposition 3.5. The representation θ(A2, A3;LL
′/k) is isomorphic to a sub-
representation of
θ(A1, A2;LL
′/k)⊗ θ(A1, A3;LL′/k) .
Proof. Since θ(A1, A2;LL
′/k) is selfdual, by i) of lemma 2.2, it suffices to prove
that there is an inclusion of Q[Gal(LL′/k)]-modules
HomLL′(A2, A3) ⊆ HomQ(HomLL′(A1, A2),HomLL′(A1, A3)) .
Denote HomLL′(Ai, Aj) by Fij . For each ϕ ∈ F23, define ϕ˜ ∈ HomLL′(F12, F13)
in the following way: for each λ ∈ F12, let ϕ˜(λ) = ϕ ◦ λ ∈ F13. The map ϕ 7→ ϕ˜
gives an inclusion that respects the action of Gal(LL′/k). Indeed, one has
(σ˜ϕ)(λ) = σϕ ◦ λ = σ(ϕ ◦ σ−1λ) = σ(ϕ˜(σ−1λ)) = (σϕ˜)(λ) ,
for any σ ∈ Gal(LL′/k), ϕ ∈ F23 and λ ∈ F12.
4 Example
In [BFGL07], the modular genus 3 curve C0 = X
+(7, 3) is defined. Moreover,
for each polynomial f(x) ∈ Q[x] of degree 4 such that its splitting field L is an
S4-extension containing Q(
√−3) a way to produce a twist X+(7, 3)̺ is shown.
Here, ̺ stands for a surjective Galois representation of GQ onto PGL2(F3) de-
termined up to conjugation by its splitting field L. In the same article, the
curve C0 is shown to be isomorphic over Q(
√−3) to the plane quartic C1 given
by the following equation
X4 + Y 4 + Z4 +
2
7
(
X2Z2 + Y 2Z2 +X2Y 2
)
= 0 .
The Jacobian J(C0) of the curve C0 happens to be Q-isogenous to E
2
21 × E63,
where E21 and E63 stand for the elliptic curves of conductor 21 and label A1,
and conductor 63 and label A2 in Cremona’s Tables (see [Cre97]). It can be
checked that the curves E21 and E63 do not have complex multiplication and
are isomorphic over Q(
√−3), but not over Q. The Jacobian of the curve C1 is
Q-isogenous to E321.
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Let C2 = X
+(7, 3)̺ and C3 = X
+(7, 3)̺′ be the curves attached to any two
Galois representations ̺ and ̺′ from GQ onto PGL2(F3), with splitting fields
L and L′ satisfying L ∩ L′ = Q(√−3). Let f and f ′ be defining polynomials
of L and L′, respectively. Let φij stand for a fixed isomorphism from Ci to
Cj , and use the same notation to refer to the induced isomorphism between
the Jacobians. It follows from the definition of X+(7, 3)̺ that φ21 and φ13
are respectively defined over L21 = L and L31 = L
′. The isomorphism φ32 is
clearly defined over the composition L32 = LL
′, which is an extension of degree
288 over Q. As mentioned above, the isomorphism φ01 can be defined over
L01 = Q(
√−3). Since both L and L′ contain Q(√−3), it follows that φ02 and
φ03 are defined over L02 = L and L03 = L
′, respectively.
J(C0)
φ03

✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
φ02
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
J(C1)
φ13
$$❍
❍❍
❍❍
❍❍
❍❍
φ10
OO
J(C2)
φ21
::✈✈✈✈✈✈✈✈✈
J(C3)
φ32
oo
One of the aims of this section is to compute the Artin representations
θij = θ(J(Ci), J(Cj);Lij/Q) for (i, j) = (0, 1), (0, 2), (0, 3), (2, 1), (1, 3), and
(3, 2). Since J(C1) and J(C2) are L-isogenous to E
3
21, it follows from remark 2.2
that θ21 has dimension 9. The same argument proves that θ13 and θ32 have
dimension 9. We fix the following notation:
i) Let 1aL, 2aL,... stand for the conjugacy classes of Gal(L/Q), and χ1, χ2,...
for its irreducible characters (see Table 1). Note that the traces in the
entries of Table 1 are given as sums of eigenvalues of the corresponding
irreducible representations. Analogously, denote by 1aL′ , 2aL′ ,... the con-
jugacy classes of Gal(L′/Q), and by χ′1, χ
′
2,... its irreducible characters.
Moreover, let ̺i be the irreducible representation associated to χi.
ii) Let χt and χq be the trivial and the quadratic characters of Gal(Q(
√−3)/Q),
respectively.
iii) Let 1A, 2A,... stand for the conjugacy classes of Gal(LL′/Q) and ψ1, ψ2,...
for its irreducible characters (see Table 2).
Class 1aL 2aL 2bL 3aL 4aL
Size 1 3 6 8 6
χ1 1 1 1 1 1
χ2 1 1 −1 1 −1
χ3 2 1 + 1 1− 1 ζ3 + ζ3 1− 1
χ4 3 1− 1− 1 1− 1− 1 1 + ζ3 + ζ3 1 + i− i
χ5 3 1− 1− 1 1 + 1− 1 1 + ζ3 + ζ3 −1 + i− i
Table 1: Character table of Gal(L/Q)
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Class 1A 2A 2B 2C 2D 3A 3B 3C 3D 4A 4B 4C 6A 6B
Size 1 2 2 2 2 3 3 3 3 4 4 4 6 6
ψ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
ψ2 1 1 1 1 −1 1 1 1 1 −1 −1 −1 1 1
ψ3 2 2 2 2 0 −1 2 −1 −1 0 0 0 −1 2
ψ4 2 2 2 2 0 2 −1 −1 −1 0 0 0 2 −1
ψ5 2 2 2 2 0 −1 −1 2 −1 0 0 0 −1 −1
ψ6 2 2 2 2 0 −1 −1 −1 2 0 0 0 −1 −1
ψ7 3 3 −1 −1 1 0 3 0 0 −1 1 −1 0 −1
ψ8 3 3 −1 −1 −1 0 3 0 0 1 −1 1 0 −1
ψ9 3 −1 3 −1 1 3 0 0 0 −1 −1 1 −1 0
ψ10 3 −1 3 −1 −1 3 0 0 0 1 1 −1 −1 0
ψ11 6 −2 6 −2 0 −3 0 0 0 0 0 0 1 0
ψ12 6 6 −2 −2 0 0 −3 0 0 0 0 0 0 1
ψ13 9 −3 −3 1 1 0 0 0 0 1 −1 −1 0 0
ψ14 9 −3 −3 1 −1 0 0 0 0 −1 1 1 0 0
Table 2: Character table of Gal(LL′/Q)
Consider the subfields L3 and L4 of L defined in [BFGL07]. We recall that
L4/Q denotes a quartic extension generated by a root of the polynomial f and L3
denotes a cubic extension generated by a root of the resolvent of f . In loc. cit.
page 375, it is shown that there exist elliptic curves ER defined over L3 and ES
defined over Q such that
J(C2) ∼Q ResL3Q ER and J(C2)× ES ∼Q ResL4Q ES . (4.1)
According to loc. cit. page 371, the elliptic curve ES is the one with conduc-
tor 21 and label A3 in Cremona’s Tables. Since there is a single isogeny class
of conductor 21, we have that ES ∼Q E21.
Lemma 4.1. Let p be a prime of good reduction for both E63 and J(C2). Let
(1 − αT )(1 − αT ) be the local factor Lp(E63/Q, T ). Then, the local factor
Lp(J(C2)/Q, T ) equals{
Lp(E63/Q, T )(1− ζ3αT )(1− ζ3αT )(1− ζ3αT )(1− ζ3αT ) if fL3 = 3
Lp(E63/Q, T )(1− iαT )(1 + iαT )(1 + iαT )(1− iαT ) if fL4 = 4,
where fL3 and fL4 denote the residue class degrees of p in L3 and L4, respec-
tively, and ζ3 a primitive cubic root of unity.
Proof. Recall that for an abelian variety A defined over a number field extension
L/k and a prime p of k, we have the equality
Lp(Res
L
k A/k, T ) =
∏
P|p
LP(A/L, T
fP) ,
where fP denotes the residue class degree of the prime P of L. Thus, if fL3 = 3
and P3 denotes the prime of L3 over p, relation (4.1) gives
Lp(J(C2)/Q, T ) = LP3(ER/L3, T
3) = 1− (1+p3−#E˜R(Fp3))T +p3T 6 , (4.2)
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where E˜R denotes the reduction of ER modulo the prime P3. Since ER ≃L E63
and fL3 = 3 implies fL = 3, one has that #E˜R(Fp3) = #E˜63(Fp3). Write
Lp(E63/Q, T ) = 1− aT + pT 2. By differentiating the function
Log
(
1− aT + pT 2
(1− T )(1− pT )
)
=
∑
n≥1
#E˜63(Fpn)
T n
n
,
one easily obtains that #E˜63(Fp3) = 1 + p
3 − a3 + 3ap. Substituting in equa-
tion (4.2) and factoring, yields
Lp(J(C2)/Q, T ) = (1− aT + pT 2)(1 + aT + (a2 − p)T 2 + apT 3 + p2T 4) .
Now, a straightforward calculation of the roots of the second factor of the right
hand side of the above expression leads us to the first statement of the lemma.
For the second, if P4 denotes the prime of L4 over p, relation (4.1) and the fact
that ES ∼Q E21 imply
Lp(J(C2)/Q, T )Lp(E21/Q, T ) = LP4(E21/L4, T
4) .
Write again Lp(E63/Q, T ) = 1 − aT + pT 2, and note that fL4 = 4 implies
fL = 4 and fQ(
√−3) = 2. Thus Lp(E21/Q, T ) = Lp(E63/Q,−T ) = 1+aT+pT 2.
Applying an analogous argument to the one in the previous case, one arrives at
LP4(E21/L4, T
4) = (1 + aT + pT 2)(1 − aT + pT 2)(1 + (a2 − 2p)T 2 + p2T 4) .
Now the lemma follows by computing the roots of the last factor of the above
expression.
Lemma 4.2. The curves E21 and E63 do not appear in the decomposition up
to isogeny over Q of J(C2).
Proof. Suppose that J(C2) ∼Q E21 ×A or J(C2) ∼Q E63 ×A, for some abelian
surface A defined over Q, and we will reach a contradiction. Then A ∼L E263.
As explained in the previous sections, we can consider the Artin representation
θ(A,E263;L/Q) and it has dimension 4. Let p be a non-supersingular prime for
E63 of good reduction for both E63 and A with residue class degree fL3 = 3.
If we write Lp(E63/Q, T ) = (1 − αT )(1 − αT ), the condition of p being non-
supersingular guarantees that α/α has infinite order (see for example [Tat66],
theorem 2). From lemma 4.1, it follows that the only possible values for a
quotient of a root of Lp(E63/Q, T ) and a root of Lp(A/Q, T ) that have finite
order are ζ3 and ζ3. Thus, θ(A,E
2
63;L/Q) ≃ 2 · ̺3 (see Table 1). Let p be
a non-supersingular prime for E63 of good reduction for both E63 and A with
residue class degree fL4 = 4. Lemma 4.1 shows that the only possible values for
a quotient of a root of Lp(E63/Q, T ) and a root of Lp(A/Q, T ) that have finite
order are i and −i. We reach a contradiction by observing that the eigenvalues
of ̺3 on the class 4aL are are 1 and −1 (see Table 1).
We have seen that E63 is not a Q-factor of J(C2). Nevertheless, as we will
prove later, for every prime p of good reduction for both J(C2) and E63, the
polynomial Lp(E63/Q, T ) divides Lp(J(C2)/Q, T ). Another example where this
curious phenomenon occurs is the following one. Let E denote an elliptic curve
over Q and let d1 and d2 be non-square rational numbers such that d1d2 is also
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a non-square. Consider the product A = Ed1 × Ed2 × Ed1d2 of the quadratic
twists of E by d1, d2 and d1d2. Then, for every prime p of good reduction for
both E and A, it is clear that Lp(E/Q, T ) divides Lp(A/Q, T ), even though E
is not a Q-factor of A.
Corollary 4.1. The Jacobian J(C2) is simple over Q.
Proof. Assume J(C2) decomposes, i.e., J(C2) ∼Q E×A, for some elliptic curve
E and some abelian surface A, both defined over Q. It follows that E63 ∼L E.
Let θ stand for θ(E,E63;L/Q). Since dim θ = 1 (E does not have complex
multiplication), we have that either Tr θ = χ1 or χ2. In any case, θ factors
through Q(
√−3), the only quadratic extension of L. Then, theorem 3.1 implies
that Vℓ(E) ≃ θ ⊗ Vℓ(E63), from which we deduce that either E ∼Q E21 or
E ∼Q E63. But this is a contradiction with the previous lemma.
We now compute all the Artin representations θij involved in the above
graph of isogenies. As for θ32, it will be computed in proposition 4.2 from θ21
and θ13 and the transitivity property stated in proposition 3.5.
Proposition 4.1. We have:
i) Tr(θ21) = 3 · χ5
ii) Tr(θ13) = 3 · χ′5
iii) Tr(θ10) = 6 · χt + 3 · χq
iv) Tr(θ02) = χ4 + 2 · χ5
v) Tr(θ03) = χ
′
4 + 2 · χ′5.
Proof. By proposition 3.4 and lemma 4.2, the representations ̺1 and ̺2 are
not constituents of θ21. Let p be a non-supersingular prime for E63 of good
reduction for both E63 and J(C2) with residue class degree fL4 = 4. Thus
Lp(E21/Q, T ) = Lp(E63/Q,−T ). By lemma 4.1, the only possible values for
a quotient of a root of Lp(E
3
21/Q, T ) and a root of Lp(J(C2)/Q, T ) of finite
order are −1, i and −i. Since ̺3(4aL) and ̺4(4aL) have 1 as an eigenvalue,
the representations ̺3 and ̺4 are not constituents of θ21, neither. Proceeding
analogously, one obtains that Tr(θ13) = 3 · χ′5.
To prove that Tr(θ10) = 6 · χt + 3 · χq it is enough to observe that
dimQ HomQ(J(C1), J(C0)) = dimQHomQ(E
3
21, E
2
21 × E63) = 6
and then apply proposition 3.4.
Proposition 3.2 tells us that InfL
Q(
√−3) θ10 ≃ 6 · ̺1 ⊕ 3 · ̺2 is isomorphic
to a subrepresentation of θ(J(C1), J(C0);L/Q). But since they both have the
same dimension, they are in fact isomorphic. Proposition 3.5 tells us that θ02
is isomorphic to a subrepresentation of
θ21 ⊗ θ(J(C1), J(C0);L/Q) ≃ 3 · ̺5 ⊗ (6 · ̺1 ⊕ 3 · ̺2) = 18 · ̺5 ⊕ 9 · ̺4 .
Hence, Tr(θ02) = n · χ4 +m · χ5, for certain integers 0 ≤ n, m ≤ 3 such that
m+ n = 3. Applying again proposition 3.5, we have that θ(J(C1), J(C0);L/Q)
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is isomorphic to a subrepresentation of
θ02 ⊗ θ21≃ (3n · ̺4 ⊗ ̺5)⊕ (3m · ̺5 ⊗ ̺5)
≃ 3n(̺2 ⊕ ̺3 ⊕ ̺4 ⊕ ̺5)⊕ 3m(̺1 ⊕ ̺3 ⊕ ̺4 ⊕ ̺5)
≃ 3m · ̺1 ⊕ 3n · ̺2 ⊕ 9 · ̺3 ⊕ 9 · ̺4 ⊕ 9 · ̺5 .
Hence, m ≥ 2 and n ≥ 1, which implies m = 2 and n = 1 as desired. Proceeding
analogously, one obtains that Tr(θ03) = χ
′
4 + 2 · χ′5.
Now we can prove that for every prime p of good reduction for both E63 and
J(C2), the polynomial Lp(E63/Q, T ) divides Lp(J(C2)/Q, T ). Observe that
θ(E363, J(C2);L/Q) ≃ ̺2 ⊗ θ(E321, J(C2);L/Q) ≃ ̺4 .
Since the image of any element in Gal(L/Q) by ̺4 has 1 as an eigenvalue, the
polynomials Lp(E
3
63/Q, T ) and Lp(J(C2)/Q, T ) have a common root for every
such p. Since Lp(E63/Q, T ) is irreducible, it must divide Lp(J(C2)/Q, T ).
Proposition 4.2. We have Tr(θ32) = ψ13.
Proof. First we need to know how the conjugacy classes of Gal(LL′/Q) project
onto the conjugacy classes of the quotients Gal(L/Q) and Gal(L′/Q). Denote
by πL and πL′ the canonical projections from Gal(LL
′/Q) to Gal(L/Q) and
Gal(L′/Q), respectively. With the help of Magma (see [Mag]), we obtain:
1aL = πL(1A ∪ 2B ∪ 3A) 1aL′ = πL′(1A ∪ 2A ∪ 3B)
2aL = πL(2A ∪ 2C ∪ 6A) 2aL′ = πL′(2B ∪ 2C ∪ 6B)
2bL = πL(2D ∪ 4C) 2bL′ = πL′(2D ∪ 4B)
3aL = πL(3B ∪ 3C ∪ 3D ∪ 6B) 3aL′ = πL′(3A ∪ 3C ∪ 3D ∪ 6A)
4aL = πL(4A ∪ 4B) 4aL′ = πL′(4A ∪ 4C)
It is now easy to compute that Tr InfLL
′
L (̺5) = ψ9 and that Tr Inf
LL′
L′ (̺
′
5) = ψ7.
Proposition 3.2 says that InfLL
′
L θ21 and Inf
LL′
L θ13 are respectively subrepresen-
tations of θ(J(C2), J(C1);LL
′/Q) and θ(J(C1), J(C3);LL′/Q). In fact, since
they have the same dimension, they coincide. Proposition 3.5 states that θ32 is
a subrepresentation of
θ(J(C2), J(C1);LL
′/Q)⊗ θ(J(C1), J(C3);LL′/Q) .
This representation has trace 9 · ψ9 · ψ7 = 9 · ψ13 and now the fact that θ32 has
dimension 9 ensures that Tr(θ32) = ψ13.
We have seen that θ(E363, J(C2);L/Q) ≃ 3 · ̺4. Applying cororllary 3.1, we
obtain that Vℓ(J(C2)) ≃ ̺4 ⊗ Vℓ(E63), from which the next corollary follows.
Corollary 4.2. For every prime p which is unramified in L, the local factor
Lp(J(C2)/Q, T ) coincides with the Rankin-Selberg polynomial Lp(E63/Q, ̺4, T ).
Corollary 4.3. For every prime p unramified in L of good reduction for both
E63 and J(C2), we have
#C˜2(Fpr ) = (1 + p
r)(1− Tr ̺4(Frobrp)) + Tr ̺4(Frobrp)#E˜63(Fpr ) .
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Proof. Let α and α be the reciprocals of the roots of Lp(E63/Q, T ) and let λi
denote the roots of det(1− ̺4(Frobp)T ). Then, we have
#C˜2(Fpr )= 1 + p
r −
∑
i
(λiα)
r + (λiα)
r
=1 + pr − Tr ̺4(Frobrp)(αr + αr)
= 1 + pr − Tr ̺4(Frobrp)(1 + pr −#E˜63(Fpr )) .
To conclude, we will compute the moments of the Sato-Tate distributions
of the traces of the local factor Lp(J(C2), T ). For an abelian variety A over Q
of dimension g, and p a prime of good reduction of A, it will be convenient to
consider the normalized local factor
Lp(A/Q, T ) = Lp(A/Q, p
−1/2T ) =
2g∑
i=0
(−1)iai(p)T i ,
where ai(p) = a2g−i(p), |ai(p)| ≤
(
2g
i
)
. For n ≥ 0, let Mn(ai) = E(ani ) denote
the n-th moment of ai, that is, the expected value of a
n
i , seen as a random
variable over the set of primes of Q. If A is an elliptic curve without complex
multiplication, the recent proof of the Sato-Tate Conjecture guarantees that
M2n(a1) =
1
n+ 1
(
2n
n
)
, M2n+1(a1) = 0. (4.3)
We will write cn = 1/(n+1)
(
2n
n
)
for the n-th Catalan number (see [KS09] for an
account on this and much more). We will write a = a1(E63) and ai = ai(J(C2))
for 1 ≤ i ≤ 3.
Lemma 4.3. For every prime p of good reduction for both E63 and J(C2):
i) a1(p) = a(p) · Tr ̺4(Frobp).
ii) a2(p) = Tr ̺4(Frobp) · (a(p)2 − 2 + Tr ̺4(Frobp)).
iii) a3(p) = a(p) · (a(p)2 +Tr ̺4(Frobp)2 − 3).
Proof. It follows from the fact that Vℓ(J(C2)) ≃ Vℓ(E63) ⊗ ̺4 and that the
eigenvalues of ̺4(Frobp) are 1, ζr and ζr if Frobp has order r in Gal(L/Q).
Proposition 4.3. Let G = Gal(L/Q) and tσ = Tr ̺4(σ), for any σ ∈ G. For
n ≥ 0, one has that M2n+1(a1) =M2n+1(a3) = 0 and:
i) M2n(a1) =
1
|G|
∑
σ∈G t
2n
σ cn.
ii) Mn(a2) =
1
|G|
∑n
i=0
(
n
i
)
ci
(∑
σ∈G t
n
σ(tσ − 2)n−i
)
.
iii) M2n(a3) =
1
|G|
∑2n
i=0
(
2n
i
)
ci+n
(∑
σ∈G(t
2
σ − 3)2n−i
)
Proof. It follows from the previous lemma, the Cebotarev density theorem,
equation (4.3), and the fact that the restriction of a at the set of primes p
for which Frobp = c, where c is a certain conjugacy class in G, has the same
distribution as a.
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